Notes for PHYS45400 - Celestial Mechanics
J. Hedberg, 2026

Celestial Mechanics

1. Basic Orbits
1. Why circles?
2. Tycho Brahe
3. Johannus Kepler
4. Kepler's 3 laws of orbiting bodies

2. Newtonian Mechanics

3. Newton's Laws
1. Law of Gravitation
2. The shell theorem.
3. Work and Energy.
4. Potential Energy —
1. Potential Plot
2. Escape Speed
5. Kepler's Laws
1. Cartesian & Polar Coordinates
2.2nd Law
3. Ist Law - Ellipses
6. Third Law
7. Special Orbits
1. Low Earth
2. Geostationary,
3. Earth and Moon
4. Hohmann Transfer Orbit
8. Lagrange Points
1. Find L1
9. The Virial Theorem
1. The Vis Viva equation

|I. Basic Orbits

I.I Why circles?

Copernicus was right: the earth and the other planets do orbit around the sun. However, he
was still operating under the assumption that all the celestial bodies had to move in perfect
circles. This turned out to be a rather major flaw in the framework.

Other astronomers of the era were unable to match the predictions of the Copernican system
with observations. More 'tweaks' were added to the Copernican systems of circular

heliocentric orbits in order to 'save the appearances'. In order to make the model match with
observations, they still had to employ epicycles and so forth. However, the seed was planted.

The sun should be at the center!
The Copernican System
consisted of circular orbits
centered around the sun.

1.2 Tycho Brahe

Late 16th century. Hybrid system: geoheliocentric model had the planets going around the sun, but the sun still went around

the Earth. Close...
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Danish astronomer Tycho
Brahe [1546-1601]. Made
many very good
measurements of the stars and

planets.

I.3 Johannus Kepler

Kepler played a major role in the 17th-century scientific revolution. He is best known for his
laws of planetary motion, based on his works Astronomia nova, Harmonices Mundi, and
Epitome of Copernican Astronomy. These works also provided one of the foundations for

Newton's theory of universal gravitation.

German mathematician,

astronomer, and astrologer.
[1571-1630] Kepler was
Tycho's assistant and was
believed in the Copernican

system.

|.4 Kepler's 3 laws of orbiting bodies

1. A planet orbits the sun in an ellipse. The Sun is at one focus of that ellipse.
2. A line connecting a planet to the Sun sweeps out equal areas in equal times
3. The square of a planet's orbital period is proportional to the cube of the average distance between the planet and the

sun: P2 o a3.

Ellipses
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ac a

An ellipse satisfies this equation:
r+r =2a (1)

« @ is the semi-major axis
« rand 7’ are the distances to the ellipse from the two focal points, F' and F” .
« e represents the eccentricity of the ellipse (0 < e < 1)

The semi-major axis is one-half the length of the long (i.e. major) axis of the ellipse.

Conic Sections

The circle is one of several conic sections. (There's really nothing all that special about circles.)

-
-

circle ellipse parabola hyperbola

See Appolonius - On Conics.

Elliptical Orbits

The first law for Kepler holds that the orbiting body (i.e. planet) will trace out an
elliptical path as it orbits the central body (i.e. the sun). The central body is located at

orbiting
body

central

the principle focus. When the distance between the planet and the sun is the
body

aphelion perihelion

shortest, the planet is said to be at perihelion, or the point of closes approach. When
that distance is greatest, the planet is located the aphelion.

principle
focus

Polar Coordinates

a(l —62)

- 1+ ecosf (2)

r
The polar coordinate equation can be obtained by starting with the basic ellipse equation Eq. (1) Take the point at the top of
the semi-minor axis, where # = 1’. Since 7 4+ 7' = 2a we know that = a. Using the Pythagorean theorem, we can say
that:

r? = b + a’e?
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Ellipse - the point where r = 7/

Ellipse - and polar coordinates 7 and 6.

Deviation from a Circles

Putting @ in for 7 yields:
b =d’(1—é€?) (3)

Or, to have it more explicitly as the ratio of the two axes:

e=4/1—— 4)

For polar coordinates, we'll use 7 and 8, T being the distance from the principle
focus and @ the angle measured counterclockwise from major axis of the ellipse.

Again, from Pythagorus:
72 = r? sin® @ + (2ae + rcos §)?
Expanding the 2nd RHS term:
"2 = r? sin® 0 + 4a®€® + 4aer cos § + r* cos® § 5)
= 7% + 4ae (ae + rcos b)

and using the fact that 72 = (2a — 7')2, we can obtain the polar equation for the

ellipse shown above in eq (2).

Mars' orbit [e = 0.0934] looks a lot like a circle.

Equal Areas in Equal Times

The blue areas in these figures will be the

same if to — £1 is the same.

The other conics

Parabolas: e = 1

Kepler's second law describes the areas swept out by an orbiting planet in a given
time and says that for any given interval of time, the areas swept out will always be

equal.
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2p
" 1+ cost ©)
Hyperbolas: € > 1
a(e? — 1)
R @
1+ ecosd

Comet Tsuchinshan-Atlas

Astronomy Picture of the Day

APOD of the comet

C/2023 E3 ZTF

Small-Body Database Lookup

‘ earch... Q

C/2023 A3 (Tsuchinshan-ATLAS)

Classification: Hyperbolic Comet SPKID: 1003913 Related Links: Ephemeris

Orbit Viewer [show]

Orbit Parameters [hide]
Osculating Orbital Elements
Epoch 2460347.5 (2024-Feb-07.0) TDB
Reference: [T1577] (heliocentric 1AU76/J2000 ecliptic)
Element Value Uncertainty (1-sigma) Units
e 1.000121494518607 4.1241E-7
a -3222.012401894867 10.932 au
q 0.3914568457139699 7.7055E-7 au
i 139.1146134511753 2.5273E-5 deg
node 21.55876649184019 1.1664E-5 deg
peri 308.4877944152128 6.6525E-5 deg
M -0.001259619631051663 6.4107E-6 deg
2460581.236296340701
P 2024-Sep-27.73629634 6-551E-5 =e
period not defined not defined d
n 5.389063020043765E-6 2.7427E-8 deg/d
Q not defined not defined au

Lookup the comet in the small body database

https:/ssd.jpl.nasa.gov/tools/sbdb_lookup.html#/2sstr=C%2F2023%20A3

Small Body Database

2. Newtonian Mechanics
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3. Newton's Laws
In words:

1. No change in velocity if there is no net force acting.
2. The net force acting on a body will cause a proportional acceleration inversely proportional to the mass of that body.
3. Forces come in equal and opposite pairs

In symbols:
1.A’U=0ianet :0
2.Fpet =Y i F; =ma
3.Fgp = —Fpy

3.5 Law of Gravitation

; Fo The scalar form:
M
m
! 2 F=G (8)
2
Two masses and a gravitational .
_ _ And in vector form:
interaction
Mm
F21 = —G—ZI‘ (9)
T

This is Newton's Law of Universal Gravitation. It considers two masses: M and m and the distance between them 7. Also
included is G, the Universal Gravitational Constant. (G = 6.67430 x 10711 m3 kg'! 52 From nist http://physics.nist.gov/cgi-
bin/cuu/Value?bg). The direction of the force is always attractive and is along a line connecting the centers of the two masses.

F; is the force applied on object 2 by object 1.
7 is the distance between the two objects (|T12 |2)
And T12 is the unit vector pointing from object 1 to object to 2.
A rp—n

ri2 =
|1‘2 — I

Cavendish

3.6 The shell theorem.

Show that a spherical mass (of density p(R)) acts as a point mass for objects
outside.

Consider a mass m a distance T away from the center of a spherical mass M. The
radius of the spherical mass is Ry. First, the force from the ring which a mass dM
is:
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m dMzin,
The Shell Theorem L = (d____ S
dFing = G 2 oS ¢

We can re-express the mass of the ring in terms of its density p(R). (The density is
at most only a function of the radius, i.e. spherically symmetric)

dM:ing = p(R) dViing
The volume of a ring is just its thickness: dR, times its width: Rd#, times its circumference: 27t R sin 8 which equals:
dM;ing = p(R) 27R?sin @ dR df
The cos ¢ can be expressed as:

r — Rcos@
s

cos¢ =

and 8 can be written as the following (from Pythagorus)

s = \/(T—RCOSG)2 + R?sin? § = 1/r? — 2rRcosf + R?

Let's put all these back into the force from the ring:

My
dFing —Gm 32 = cos
— Gm [p(R) 2xR? sin6 dR df] x =] x [%@80]
8

Then, we'll have to integrate over both variables. R will range from 0 to Rg and d@ from 0 to & to get all the rings that
make up the entire sphere.

Ro rm p(R) (rR?sinf — R®sinfcos6)
F = 27Gm / / 27 #ar| (10
o Jo (r2 + R?2 — 2rRcos?) /
Integrating over @ yields:
Gm [Fo 9
However, the mass of a shell of thickness dR is just:
dMgye = 47R%p(R)dR
which is just quanity inside the integrand. Thus the force from on shell will be,
Gm th 11
dFpel = ———5——
P
This force acts as if it is located at the center of the shell.
We can then integrate over all the mass shells and the above becomes:
mM
F=@G .z (12)

which is just the equation for the force between two point masses.
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little g

M@m

F= G’m (13)

Let's consider the gravitational force a distance h above the surface of the earth. Since F' = ma, we can see that the

acceleration @ will be equal to:

We generally call this value 'little g'.

gravity anomalies measured by GRACE

NASA/JPL/University of Texas Center for
Space Research

3.7 Work and Energy

A point mass 772 moves from 7; to 75 in a
gravitational field.

a=G——=g (14)

little g is not the same everywhere.

Example Calc NB —

Ty
Uf—Ui=AU=—/ F.dr (15)

r;

The change in potential energy is given by the negative of the work done by gravity.
Expressing it in the integral above allows for changing force as a function of position
(in contrast to the elementary definition: W = F - d)

Find the work done on an object by gravity as it moves from point P to infinity,
where the potential energy is defined as 0.

W=/R°°F(r)-dr

The force is always against the displacement, so
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What is the potential energy at point P?

GMEm

r2

F(r) -dr=— dr

We can pull the constants out of the integral, and we are left with something very simple to integrate:

W= —G’MEm/ izdrz [G]‘/I—Em]
R T

r R

Evaluating at the limits of 00 and R, we see that the work done is:

r R_ R o R

W = [GMEm]oo 0— G’MEm _ _GMEm

From the original definition of work and potential energy:
AU =U; —U; =W

thus, since Uy, = 0 we can say: U = W And now we have a potential energy function for masses at a distance 7 from the
center of the Earth:

_ GM.m
r

4.8 Potential Plot

U

The potential energy as a function of
position for a body in a gravitational
interaction.

4.9 Escape Speed

How fast to get something to reach infinity, (and stop there)?

1

M
E=§mv2—G m

r

(16)

This is the total energy of a particle: kinetic plus potential. Since the particle will be at 7 = 00 and will have stopped then the
total energy must be zero. However, due to conservation of energy, the total mechanical energy will be the same. Thus,

%m’v2 - G@ = 0 at all times. Or:
1 Mm
“m? =G
2 r
which leads to
2GM
Vescape = r (17)

For Earth, Vegcape = 11182.4 m/s. Apollo 11 traveled at 10423 m/s [nasa ref]. It got a little help from the moons gravity too.
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5. Kepler's Laws
5.10 Cartesian & Polar Coordinates

i Y é\/*
r

4 g x

X  cartesian polar

Polar Coordinates 7 and 6.

In polar coordinates, we have different unit vectors: @ and .

i-:icos0+jsin0 (18)
and
0 =—isinf+jcosd (19)
We can also express some derivatives:
d . R A
d_rz_isin0+jcos0=0 (20)
dé : :
E:—icosé’—jsin@z—i‘ (21)

And using the chain rule, we can also express time derivatives:

dr dr d@ ~df
o wa w (22)
a6 _dbds _ __do
dt ~ do dt dt

These will be useful later.

5.11 2nd Law

To prove the second law, we can show how Conservation of Angular Momentum results in the equal areas in equal times
statement.

Angular Momentum
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%
L=T"x _p)
- -
where p = mv
_)
Take the time derivative of It
_)
dL  dT DT dp Jamd T x v
— = T r — =V mv r m——
a ~ at ® dt dt
But, this is quickly seen to be zero for a central force:
dL
== _0
dt
- N N
L =?xm7=mrvtk:Lk
The total area is the sum of the two triangles:
e 1 1
VAT AA Er(vtAt) + E(vrAt)(vtAt)
M " Thus, in the limit of r > v, At:
Motion's of an orbiter during a short time AA ~ lr(vtAt)
interval At 2

Next, take the time derivative of the changing area:

dA 1 1L
E = ET’Ut = —— (30)

which shows the area in a given time is constant.
5.12 Ist Law - Ellipses

The angular momentum per unit mass will be given by:

F=- r=m——-r
r2 dt
The acceleration of the orbiting body is therefore:
L_ 4V _ oM,
=— =— r
dt r2

but

o (®) '
o dt dt

We can put eq (34) into the acceleration equation (33)

dv _ GM (do) ' db
dt 2 \dt dt

(24)

(25)

(26)

(27)

(28)

(29)

(32)

(33)

(34)

(35)
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Combining this with (31)

L dv _db
GMm dt  dt
Integrating both sides of this equation yields:

L

Y =
- V=6
G’va + e

The € is a constant of integration that depends on the initial conditions, which we may choose.

y

constant. Now:

L o5 4~ =
1? G v =0+e¢]

sun .
O X We can take the dot product with @ of both sides:

L 5 s 4 4 s

——V:-0=0-0+¢€j

GMm J

The initial conditions of an orbiting body. Simplifying, using the definitions above (i.e. (19)):

Gvat =1+ ecosf

(vy) is the tangential velocity of the orbiter. From the definition of angular momentum: L =1 X p

mrv; = L (41)
which when put back into (40), yields:
I2
W=1+ecos€ (42)
or solving for 7
r L (43)

~ GMm? (1 + ecosb)
This is just the polar coordinates expression for a conic section.
6. Third Law

Special Case: Circular orbits

For example, for an object orbiting the earth, we can write:

GMEm v

We can solve this for v, the speed of the orbiting object:

Now we can use the gravitational force to calculate the expected period:

(36)

(37)

We'll say that at £ = 0, the orbiter is at perihelion and we can orient the axes so that

its motion is entirely in the +y direction, in other words: € = eJ where € is a

(38)
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which can be solved for T":

Kepler figured out a version of this relationship before Newton:

T o 732
The period is proportional to the three-halfs power of the orbital radius.
General Case (i.e. ellipses)

2
2 Am 3

- G(M +m) “ (44)

7. Special Orbits
7.13 Low Earth

Most of our satellites are located in Low Earth Orbit. Roughly defined as less than
2000 km above the surface of the Earth.

Orbital Periods there range between 93 minutes and 127 minutes (for circular orbits)

840 km)

PV BStati i (550 km) Calc Demo: —

S

3

Low Earth

Ort 2000 km Wayfinder: Link —

Low Earth Orbit

7.14 Geostationary

GeoStationary

7.15 Earth and Moon

Eartn 384,399 km (average distance) Moon

Earth and Moon to scale

7.16 Hohmann Transfer Orbit

The semi-major axis of the transfer orbit:
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Te + T
Qtransfer — % (45)

Transfer orbit

A typical Homann Transfer Orbit

8. Lagrange Points

The basic free body diagram showing the forces on a small body near two larger
ones.

earth

F
@ o
f object

The basic FBD and L1 point

There are five Lagrange points. Some are interesting for technology applications.

All 5 Lagrange points

8.17 Find LI

The sum of forces acting on the earth is equal to its mass time the acceleration, which for an object moving in a circular orbit is
centripetal and equal to ’02/R:

GM’l’nE mE'v2

YF, = =
on Earth R? R

Thus we can say:

GM

— =

R
but, based on the relation between speed and period, T*:
2R
v=——
T
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or
o Am’R?
v =
T2
So we can rewrite as:
GM . 4Am’ R?
R T2
Rearranging yields Kepler's Third Law
GM  4n?
' T (46)
Now consider the sum of forces on the satellite:
SF o = G Mgy B Gmgmigy _ Mgt V2,
on Sat (R—12) 72 (R—7)
This we can simplify to, using Kepler's Third law for the satellite:
GM  Gmg(r—R) 4n*(R —r)?
- = Usat =
R—r r? Tae
or
GM GmE _ 471'2 (47)
3 2 )
(R—r) r2(R—r) T2,
Lastly, since we want their periods to be the same: Tggy = T'
GM Gm GM
= (48)

(R—7)3 r2(R-r) R?

If we put in the masses of the two major bodies, the Earth and Sun for example, we can calculate the value of 7 in terms of R.
For our earth-sun system, the L1 point would be located at

r = 0.009969 AU

or about 1/100 of the earth-sun distance. Changing signs in the sums of forces could allow to calculate the L2 and L3 positions

as well.

9. The Virial Theorem

The Virial theorem shows that for a gravitationally bound system in equilibrium, the total energy is one-half the time averaged

potential energy.

Consider the quantity @.
Q=) p;r (49)
%

where Pp; is the linear momentum and r; the position of some particle ¢. The product rule gives the following if we take the

time derivative of the right hand side.

dQ o dp; dr;
E_zi:(dt 'rz+Pi‘E (50)

We could also say:
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iQ d dy  d1d, , 1aI
E_dtzm’ dt rz_altz:2dt(m1'ri)_2dt2 (51)

i i

where I is the moment of inertia of the total number of particles:

I= Zmn‘f (52)

1d%I dr; dp;
TaE 2P =g T (53)
Now,
dri 1 9
Thus:
S 2K = Y Fex (55)
2 dt2 - - 7 7
where we have used the 2nd law of Newton (F' = j—lt))

Let F';; represent the force of interaction between two particles in the system. The force on % due to j. If you have a particle ¢,

then we need to add up the force contributions from every other particle j where j # 3.

Z F,i Iy = Z Z F,’j i ¥ (56)
% % J
A

We can re-write the position of the ¢th particle as:

1 1
r; = (i +15) + 5 (ri —1j) (57)

which leads to

ZFi'ri=%Z ZFu -(r,—+r,-)+%z ZFz’j - (ri —r;) (58)

g i
J#i J#i
Since the 3rd law of Newton says: Fij = —Fﬁ, the first term on the R.H.S. in the above equation will be zero. Thus:
1
ZF"'riZEZZF’T(ri_W) (59)
A i J
J#i
Assuming only gravitational interactions:
mimj "
Fij=G——1j (60)
Tij

we can write

16/18



Notes for PHYS45400 - Celestial Mechanics
J. Hedberg, 2026

SFn= 3 6T ey x)’ (61)
i i j

3
et
J#i
1 m;m;
- = G 62
2 ZZ Tij ( )
i
J#
The potential energy U; j between the ¢ and j particles is just the term in the sums:
m;m;
L (63
Ti]

Thus,

ZFZI',Z%ZZUMZU (64)
i i 3

J#t
Now we can fill out eq: (55)
1/dI
(== )—-2(K)=
3(5) ~2@0 = (65)
where we have replaced all the quantities with the time averaged values. The average of % is going to be:
I 1 ["dI
— )= - —dt 66
<dt2 > T Jo di? ( )
1/dl dI
_;(ET_EO> (67)
but for periodic motions like orbits:
dI dI
&= al, (68)
So
d?I
Z-V=0 69
(%) (69
which leads finally to
—2(K) = (U)
or in terms of the total energy E
1
E)=_
(B) = 5(O)
The Virial Theorem
—2(K) = (U)

or in terms of the total energy E
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1
(B) = 3(U)
The Virial Theorem: Uses
It allows for statistical results for many body systems.
For example, with galaxies: Since K = %M’v2 andU = GTW, we can obtain:
2
"R
M=—
G

which relates two observable values, v and R, with a non observable, but very interesting value, the mass of the galaxy.

9.18 The Vis Viva equation

2 1
2_ —_—— —
v —GM(T a)
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