
Instructions: There are 5 problems. Each part of each problem is worth the same amount. Please do your
work on this test paper. There is extra paper available if you would like it. When doing the problems,
the more steps you justify, the more likely you are to receive full credit, in other words, please show
your work. Show how you know, not just that you know. No external test aids may be used.

1. Leave me alone Mr. Taylor
Using the Taylor series definition:

work out the first 4 terms for the series expansion of this natural log

for a point around 0.
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2. Slow down, and come to a complete halt

A sphere of mass  is moving at speed  with no forces acting. At time , a resistive force
starts to act with a strength proportional to the square of the particles' velocity and some
constant  that depends on the cross sectional area of the sphere and the nature of the medium it
is traveling in.

a. Write a statement of Newton's second law describing the particle for times .

Solve the resulting differential equation and obtain expressions for
b. the velocity as a function of time, 

c. the position as a function of time, 

d. Considering the  and  functions you have, show (or explain) why the particle never
actually stops moving.

e. Try to resolve this apparent conflict with reality, that is, objects obviously do slow down
and stop when moving through a resistive medium, so what's wrong with our model?
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3. Through the middle
On the surface of a regular rocky type planet with mass  and radius  and density , like Earth
or Mars, the attractive force of gravity acting on another object of mass

, near the surface, would be given by:

Now, imagine a tunnel drilled from the north pole to the south pole of this planet. If the object
is allowed to travel through the tunnel, the force of Gravity will change. It can be shown that the
strength of the force will be given by a similar equation, except that the  will not be the total
mass of the planet, but only the portion of its mass contained within a sphere with radius  where
 is the distance between the object and the center, and the  will not be the radius of the
planet, but rather the same distance  between the object and center. (This was proved by Newton)

a. Convert this statement to an equation for the gravitational force inside the tunnel for an
object. It should depend on , , , and , and have some numerical constants.

b. Show that if the object is allowed to released at the entrance to the tunnel (i.e. just at
the surface), we would expect to see a oscillatory behavior for its position.

c. What would the natural frequency and period be of its oscillations be? (i.e. find  and )
for this simple harmonic oscillator (SHO) in terms of the quantities given.

d. If the particle where to be given an initial velocity  as it was thrown down the tunnel
(starting from ), find expressions for  and  in terms of these initial conditions and  in
the SHO equation:
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4. Interpret a plot
Here is a plot of the position vs. time for a damped driven spring-mass oscillator that is the
solution to the following force equation:

At :  and .

Respond to the following questions (For the Multiple Choice questions, select the best choice and
write that letter in the corresponding box.

a. Would you say this oscillator is: ?

A. Lightly (under)Damped
B. Critically Damped
C. Overdamped

b. Which choice is closest to the natural frequency ( ) of the oscillator? ?

A. 0.5 rad/sec
B. 1.0 rad/sec
C. 2.5 rad/sec
D. 5.0 rad/sec
E. 10.0 rad/sec

c. Which choice is closest to the driving frequency ( ) of the oscillator? ?

A. 0.5 rad/sec
B. 1.0 rad/sec
C. 2.5 rad/sec
D. 5.0 rad/sec
E. 10.0 rad/sec

d. Using your results from question 1 of the exam, do a quick, back of the envelope type,
numerical calculation to obtain a value for the damping coefficient .
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5. Bye Bye Balloon
A spherical Helium filled ballon is released from rest from the surface of the Earth. It begins to
rise due to the buoyancy force acting, but experiences a linear drag force contrary to its velocity
(i.e. ). (For simplicity, you can assume that the skin of the balloon is very light weight
and can be considered negligible compared to the helium gas inside the balloon)

a. Draw a Free Body Diagram, a coordinate system (with up being +y) and write the Sums of
Forces equations (2nd law) for this situation.

b. Solve the differential equation to obtain an expression for velocity as a function of time.

c. Find an expression for the terminal velocity of the balloon as it rises.

d. Show how this terminal velocity depends on the density of the Helium gas.

fd = − bv


